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PHE Tranſlator of this Work 
Countrymen in their native tongue, becauſe : 1 
it appears to bim 10 be one of the moſt Jucetſeful - 
attempts which bas over been made to 
the Study of Geometry. Originality of plan, clear ws 
Jimplicity of . demonſtration, a 
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: „ bere th es of en == © 
raking of this kind principally lie, will ech Pardon 12 3 
the liberties which the Author bas talen, in 1 

u/e of. Numbers in the doctrine of Proportion, and, 3 8 
in employing the methods of Exhauſtions and "IT 5 3 
les in demonſtrating the properties of Solids, when „„ 
bey perceive that by this means be has enabled © e 
the learner to make himſelf maſter of the principal 5 
elementary propoſitions, with the moſt perfet * © 
1 1 . eee fie 


iv ADVERTISEMENT. 
facility, and at the ſame time with 4 degree of 
accuracy ſufficient for every purpoſe of practice. Nor 
will it be thought too bold an innovation, that in 
4 mathematical work the Author makes we of 
Phyſical Points, and theſe too of different magni- 
tudes ; if it be obſerved, that be always expreſſes 
by this term the idea commonly affixed to Aliquot 
Parts, and that be only applies it 10 eee 
es or _ _—_— e 1 
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ty is not rhe Edinor' idea; ah this wel can 

ſuperſede the uſe of the Elements of Euclid, which 
have a ftrifneſs of proof, and univerſality of appli- 
cation, of which none of the mort ray methods of 
demonſtration, invented by moderns, can boaſt. 
But he is of opinion, that it may enable thoſe who 
are employed in the practical uſe of the Mathema- 
tical Arts, at an eaſy expence of time and attention, 
to atquire a general knowledge of the theory on 
which they are founded; and that it may be of 
great benefit to young Geometricians, in introducing | 
them to a ready acquaintance with the terms and 
principles of this difficult ſcience, and preparing 
them for making rior" expe in nnen | 
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enough togpubliſh theſe Elements for 


in this undertaking utility is my ſole 


object. Nor indeed could any inferior 


motive have been ſufficient to ſupport 


me under the tedious labours to which 


my deſign has obliged me to ſubmit; 
What J here offer to the Public is the 


reſult of numberleſs efforts, obſerva- 


tions, and corrections, continued through 
twenty years. Though - profeſſionally 
engaged in explaining the ſublimer parts 
on Anoden e in one of the firſt 


a 25 5 Univer- 


HAVE neither vanity, nor mile 


5 ſake of obtaining the name of Author: 
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- ſuperficial reader will eaſily perſuade him- 


vi PREFACE. 


Univerſities in Europe, I have not 


thought it beneath me to «dedicate my 
lerſure hours to a work of this kind: for, 
the farther I have carried my re- 
ſearches, the more fully I have been 
convinced, of what, all who are not 
wholly ſtrangers to the ſubject muſt per- 
ceive, that well-written Elements of 
Geometry were ſtill among the bee 
of [cience. 


If theſe Elements fail of ob- 
taining applauſe on the firſt curſory peru- 


fal, I ſhall not be diſappointed. The 


ſelf, that they are only a ſervile repetition 
of what was ſaid two thouſand years ago 
by the great Father of Geometry. Were 


this the caſe, I ſhould; at leaſt have the 
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191 r re, 


merit of having convinced myſelf by long 


experience, of the preference due to the 
method of Euclid above any other which 
has been ſubſtituted in its room. But 
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good FO who Ruger how to diſcri- 
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minate more accurately, will 3 be 
of a different opinion. They will be 
aware of the rocks that were to be ſhunned, 
and the difficulties that were to be ſur- 
mounted, in executing this deſign; and 
will eaſily perceive, that Without in- 
dulging an affectation of novelty, I have 
often been under the neceſlity of ſtriking 
cout into unbeaten paths; by which means 
! obſtacles have ſometimes” perhaps been 
- avoided, which had before frequently 
embarraſſed by the 7 and the 
Teacher. 9 | 
Fo 
| All the Elementary . which ""* 
can be of any uſe in a complete courſe 
of Matheinatics, are here reduced to about | 
an hundred. To make the proper ſe- 
lection required judgment, ſkill, and 
attention. How far I have ſucceeded in 
the attempt, muſt be left to the Public 
to determine ; and the ſucceſs of my 
work will be the teſt of their approbation, 
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8 "Solid is that which length, breadth 
| and thickneſs. A book, for inſtance, is a ſolid, ſince 985 


it is long, broad and thick. | 9 
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4. A gu is that which has length and breadth, 5 
but! no thickneſs, A leaf of fine paper may repre- 1 
| 3. A Lint is that which has length, but neither — | | 


breadth nor thickneſs. A hair may repreſent a line: 
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a thread drawn ſtraight, a right line. ER” 
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2 DEFINITIONS. 


4. A Point has neither length, breadth, nor 
thickneſs. A fine grain of ſand may repreſent a 
point. 


5. If a line Ah is 1 Ihe unt A, in a Rach , 
manner, that its other extremity paſſes from B to C, 
from C to D, &c. the point B, in its revolution, 


will deſcribe a curve line, BDF GLB. This curve 


line is called the Circumference of a circle, The Circle 
is the ſpace incloſed by this) circumference. „ 

pomt A, Which in the | . 
of the circle is at reſt, is called the 

Center. The right lines AC, AD, 
AF, &c. drawn from the. enter 
to the circumference,. are called 5 
Radii. A Diameter is à right line wy 
which paſſes through the 1 
and is terminated th 5 * 15 

the circumference: the line DAL, for ae, is 
wy diameter. 255 
as $ FG. | 
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6. The circumference 8 a * is ee in into 
360 equa] parts, which are called Degrees; 3, every 
degree is divided into bo. parts, which are called 


Minutes; * 8 minute is divided into 60 parts, 
which are ed Seconds, A er cireumference 


the degrees, in the. hog: * greater, thap, chat in 


the latter. 
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FS [1 Two. right lines which, are drawn from the ſame LE 455 5 3 
| point and. recede from each other, form an r e | 0 
- Which is called an Aale. An angle Bows Ge | wy. 


5” 


commonly ex relſed. by three letters; and. 
it is uſual to place in the middle the 


letter which marks the vertical point of 
1 the angle; thus we ſays the angle WH . 1 
; e nos che ang ANG AB ds (1 eines 1 


» y 4 * x * 
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1 = The magultady py an angle does not; hows | 
4 upon the length of the lines which: form it, but upon e 
. cheir diftance from each other.: How'far ſeeper the 

3 lunes AB, AC are extended, the angle remains the ö 

1 ſame. One angle is greater than another, when the ; Ws 
| lines which form 1 it Arg OLE diſtant. 'The angle BAL . 
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; | (ſe fig. def. 5.) is greater than the angle CAB , he- > — og 
; cauſe the lines AB, AL, are more diſtant 11851 each E „ 
- other than the lines AC, AB. If the! legs of a pair $ A 1 0 
 compaſles- | be a little ſeparated, | an angle is formed; | | 5 9 
| jf they be acl wider, the angle becomes greater; 6 5" 
| if they be wp nearer, the angle becomes le PP” 5 4 
| KN to che . 0, and a — 19 ' „ 
cumference NRP be deſcribed, the | 5 5 4 

5 arc NR, contained Mithin the two 5 5 i 
lines GL, GM, will meaſure Ye” ay \ | — 5 79 1 

magnitude of the angle LGM. If . mo N — 

me are NR, for example, is an arc of 40 —_ 

85 a LGN is an angle of 40 degrees. „ 
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4 DEFINITIONS; 


t., , . f Ys © 88 * 
10. There 'are three kinds of angles; a Right 
angle, which is an angle of 9o degrees; an Obtuſe 
angle, which contains more than 90 degrees; and 
an A angle, which dea legen e 


grees. 5 2 Hldite 17 

T 6 _ 3 a | ” 
+ FIREQR nr em e . 
11. One line is ra, ts eil 
»7% . 1 oF I 


to another line, when the two angles 
which it makes with that other line 
are equal: thus, the line CD is 

pendicular to tbe line AB, if the an- 
gles CDA, CDB contain an en 


penguin. Al: Gag nn 328 
7 k be * 

. q 1 by + 4% — 249 

i 3&7 = 945 


al pl ren Tom from 
one to the other are equal : "thus, 
the lines FG, AB are parallel, Ke 
all the perpendiculars & &, Kc. are _ AocecocoeB 
| ow e ED + abr 
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1 Triangle i is a ſurface encloſed. by three 
right lines called its Side. An equilateral triangle 
is that which has the, three ſides equal : an if ſceles. 115 
angle has two of i its ſides A 4 e n 
its + rs ſides — 


. . 2 a ? 
3117 7 * pe 1 x Ibu, t © 4 3 a 2 TY 1 
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„ 14. A | Quadeil ral 15 * 3 ſurface in- 
cloſed by four right lips, which, * called its ſides, - 
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DEFINITIONS. 8 A 
15. A Nerat l is a quadrilateral figure, which | 9 


has its oppoſite ſides parallel; thus, if the fide BC is X 1 
parallel to the fide AD, and the fide AB to the fide : 
DC, the quadrilateral figure ABCD. is called a 3 | 


8 * 
lelogram. » <4 4 . 4 2 2 - 8 * 
Y * 
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16. A Elb is a iel 6 all the an- 
gles of which are * angles as . 


17. A Square i is a dire e, the ſides be” | 
which are all er we and all its . richt angles. #5 14 


18. A W is any quadrilateral figure not a 8 


r ; 


19. Thoſe figures are - Equal, which incloſe an . 
equal ſpace: thus, a circle and a. triangle are equal, 
if the ſpace included within the circumference of the | 
circle be equal to that contained in the triangle. 1 e 
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wo BE 6 DEFINITION S. 


eee Thoſe figures are Jdentical; which” ger fir 
5 their angles are a Na in 
their ſides equal, and incloſe 
equal ſpaces, as BAC, FDG. 
„ e eee 
It is manifeſt that two figures are identical, which, 
being placed one upon the other, perfectly coin- 
cide; for, in that caſe, they muſt be equal in all their 


"8 VN. B. A line, uſed ſimply, always denotes a right 


1 AXIOM. Two right lines cannot entirely incloſe 
I, | a ſpace ; this requires at leaſt three lines. 
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wiſe two night lines would incloſe A. ſpace, 


KW, —* 


ame among them nſelves. 


the whole Wa AR muſt be pn the — . 


, in poſſible : whence the. radius AC: is equal. to to the 
0 E it may be proved, that 
5 5 the n ab AF, A 
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To deſcribe an \ equilateral riegel upon 
a given line. 
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Let AB be the given line, upon which it” 10 yo 
quired, to Fh a triangle, the res ſep e 


are equal, 


From the point A, WOW; the radius AB, defcribe 
the circumference BCD from the point B, with the 


radius BA, W Arcumference Ac; and 
ö eee two a rn pong . 


AC; is an equilatexal oo 
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For, the line AC is e to the line. AB, * 1 becauſe | 
thefe twollities ties are rad if: the fame circle FD ö And, 
the line BC is "equaf” to the line "AB, becauſe * theſe 
tied Miſtsare radii of the fame uk Ac. * *Whenc: 


-  Whence, 
| "the? Ins AC and BE," beatz each equal to che e ſame 


linge AB, art equal t one another ; ; and wi — * 
bes 6f the triangle ACB are equal; that d, 
e eas e 25 % the 
: TA e gu (1A 102 oſt 
rere, qo! 
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Triangles which have ow Sides and the 
angle containeſ by them ances of 


tical: | Ws Irons 282 
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1 Fr 
A the two ma BAC, FDG, if the fide DF 


be equal to the, ſide AB, and the fide DG equa] to 
the fide KC, ng, the angle D equal" to the angle 
A., the'tws triangles are identical. carers 


angle BAC, in ſuch manner that the ſide DF" falls 
exactly upon the "fide equal to it, AB. Since the 
angle D is equal to the angle A, the ſide DG muſt 
full upon the ſide equal to it, AC zal be point F 


we point C: dee ere line FG muſt fall 
Wholly upon the line BC; otherwiſe twa right lines 
would indldſe & babe, which is jnipolRble;10 The 
three ſides of the triangle PDG chereſore obineide in 
all points, with the three ſides of the triangle BAC; 
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then, having the three ſideg equal, are identical. „ 
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Again, in the criangles AGF, FGB, the fide GA 
is equal to the ſide GB, as hath been proved; and the 
fide GF is common. Moreover, the angle F is equal to 
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If one line is perpendiculat tolfwo 
other lines, theſe two lines are parallel. 
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Let the line FG 8 right angles with the lines 
AB and CD; theſe two gen are parallel, 
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If the line Ag dee to the line CD, 
another line, as NF, may be drawn through the point 
F parallel to the line CD. But this is impoſfible; for 
if the line NF were parallel to the line CD, the line 
FG, making right angles wit CD, would afſo 7 ?make 
right angles with NF; which cannot be, "becauſe, 
by: ſuppoſition, it makes tight angles with AD.” 1 
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| Produce each ofthe files both ways. 
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e eee 


c The oppoſite ſides of a ee are 


In the reQangle ABCD, the fide BC is parallel to 
the ſide 1 n fide AB parallel to the ſide DC, 


* 


The line AB is make. to the two lines BC, 
AD ; the two lines BC, AD are therefore *+ parallel. 
In like manner, the line AD is perpendicular to the 
two lines AB, DC; the two lines AB, DC, are 
therefore *+ parallel, 
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In the rectangle ABCD, [ſee fig. to the preceding 
propoſition] the ſide AB is equal to the ſide DC, 
. and the fide BC equal to the fide AD. : 

For, fince the ſide BC' is parallel to the fide AD, 
the -perpendiculars AB, DC are (def. 12.) equal; 
and, ſince the fide AB is parallel: to the ſide DC, 
the perpendiculars BC, AD are equal, 3 
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P. R O F. XVII. 


A right line, falling upon parallel lines, 
makes the alternate 22 2 * 138 


way 112 fy 
' ry _ 


& the fine FG cut the parallels AB, b, che 
angles AFG, F GD, "which are called alternate angles, 
are equal, | 

From the point G draw GL perpendicular to the- 
line AB; and from the point F draw FM perpen- 
dicular to the line GD. 7 


Since the Ine GL perpendicular to AB, it is 
alſo i perpendicular to the parallel line GD. In like 
manner, ſince the line FM is perpendicular to the 
line CD, it is alſo perpendicular ta the parallel line 
AB. Whence the quadrilateral figure GLFM is a 
rectangle, its four angles being right angles. 


In the triangles GLF, FMG, the ſides LF, GM 
are equal, becauſe * are oppoſite ſides of the ſame 
rectangle: 


* 


* 
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AND RECTILINEAL FIGURES. 27 ; 
rectangle: the ſides LG, FM, are equal for the fame N 


reaſon; and they FG is common. The two tri- „ 
angles GLF, FMG, have then the three ſides equal, * 
and conſequently 5 are. identical. Wherefore the an- „ 
ye Are oppoſite to de Nie Ly i. equal te be 
eee da e 9 
neg. os vol w. Slack 35 

Remark. In dente triangles, the equal angles = 
are always oppoſite to equal hides, as appears in this 8 5 
propoſition. „ Ft ES 
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I one "right line, Sing 8 to 
others, makes the alternate angles equal, 


theſe two lines 1 parallel. 


£5. P02 Is 


Let the alternate TH AFG, FGD, be equal, 
the lines AB, GD are parallel 


If the line AB is not EW” line GD, another 
line, as NF, may be drawn thraugh the point F 
parallel to GD. But this is impoſſible: for, if the line 
NF were parallel to the line GD, the angle FGD 
would be '7 equal to the angle NFG, ſince theſe two 
angles would be alternate angles between two parallel 
lines ; which cannot be, becauſe, by ſuppoſition, the 
angle FG is equal to the angle AFG, 


PROP. 


: Let the line FG meet the parallel lines BA, DC, 
the Interior angle v is n to the re a Ae? 2. 
my Produce the lar e 
” g The angle r is 2 equal to the angle 65 bectufe theſe 


1 


| are alternate angles, made by a right line falling upon 
two parallel lines: and the angles aid 2 are 87 
becauſe they are vertical or oppoſite angles: there: 


fore the angle r is equal to the angle 4.tl.. hy 
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* ir one fight line, falling upon two 
- other right lines, makes the intergal 


{ angle equal to the external, cheſe two 
lines are parallel. 
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Let the internal angle r be equal to the external 
3 2, the lines BA, DC are parallel. 
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125 1 he angle r is equal to the angle =. by be 
„ angle z is equal to the angle 3, becauſe they 


are oppoſite angles. The alternate angles 5, 655 


"ob org. equal, and conſequently ** the Iines BA, 


DC are parallel. 907 I ee 
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PR O P. XXI. 
„en point to draw A ine 8 


"Parallel to a given line. 51. 8 148 185 7 21 


N 


\ 
& * at © wot re — hen DEOES } ® 


ix 


Let G be the dP, through which it is required to 
draw a line parallel to the Siuen line MF. 40 of 


89 * {4 * 
777 ˙ . oft ann) oy 


From any point G ae at pleaſure, the are 


from the point F, in which the are FN cuts 
the line MF, Witt che diſtance GF, deſeribe tlie 
are GM meeting. ide line MF in M: then make FI. 
equal to GM, and draw the line GL; this line is 
parallel to he line MF. | 2 
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The arcs GM, VL avon by conſtruction; there. - 
fore the alternate angles r, 5, which are meaſured by 
theſe arcs (def. g.) are — and conifequently*#the 
Hines oh, "NE are parallel. M271) ach 
92 44:5, iy 00-928 247 2.77 _ TOES i 218 toi 
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P RYO P. XXII. 
The three angles of a e eee 


to two right angles. 
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In the erik BAC; the three . B. *g 0. 
are (gether os es to two ne W . 


& 


= " Produce the fide BC both ways; through the 
point A, draw a line FG parallel to BC; and from 


the point A, as a center, deſcribe any circumference 
LMN. 
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The angle B is ? equal to the angle x, becauſe theſe 
are alternate angles made by a right line, falling upon 
two parallel lines. For the ſame reaſon the — C 
W N to the e lp n 


Becauſe LAN i is a e 5805 arc e LMN is half 
the circumference : therefore the three angles *, A, , 
which are meaſured by this arc, are together equal to 


tyo. right — — 
But 


AND RECTILINEAL' FIGURES. 33 
But the angle x is equal to the alternate angle B, 
and the angle y to the alternate angle C. 


47 8.25 B for 5 and C for. 3, the 


CoroLLary. Hence, if two angles of any tri- 
angle be known) the third is alſo found; fince the 


third angle is that which the other two, taken to- 
gether, want of two right angles. 


8 e _- 
j oo © g 0 * 
* 5 TY (Opn 
: * 
- \ 
» 7 „ . 
- — | - ; * A 5 q 1 5 4 * 4 - 
i 42 * . $ * * 1 27 4 » s 
c « — LL 
© e + * 4 $ 1 4 | 4 . 
* # 1 - 15 -s #44 4 a ＋ * . 33 me. %ſe 4 — * + 
. : 1 P 
S013) OL) ena SD I IE e ere Hh 444 To's 34H LY 
1 — k * = 
% : 4 1 * " 4 8 7 
8 
0 d ＋ * Py * vw. * as. F* # $1 l OP» xv * 1 P wy is 
K »4 14 6 . N * 1 D S# 1494 „114 1 „ N 
— P 
- _ 
* 
— * . . * — * + % 
* 1 * * +, ** * * 9 5 * $ Ls A . ”y N * 
* : 14 * . T# a Tz.” 4 9 . r n 4 5 
% 4 o 
- — - 
* 1 
51 * * % — 15 53 * » 2 - * 
i ; A 4 4 4 _ * 15 8 4 « # A 5 1 1 4 
* R 4 4 S 
-e 
Fg * „* * . * *% . 4 
291881 5 9 7 % — #4 # + 1 4 / 7 7 „ #* —_— 4 1 2 0 
6 * » Q + . 4 AS 4% + - "RW 4 * "IS $4 4 &S 
jo. " 
* * 1 8 * 


— 
* 1 F . en 
1 1 1 1 . 9 — - 
"_ , 4 
A 91 1 14 87741 * by + STEP / ! [ : * » PLL LHF * 
1 — * * + * © ** - - * by 
< — 
* F 13 Fs | 
; err Ty # Ta xs — 
* # 5 % N Bo 204248 Rt So 23) 
1 5 
z 
\ * 
* 
Lk 4 
8 » 4 
1 
4 
4 ” 
1 
A 
* 
66 0 
* A * 0. 
C* 4 1 4 4 PROP 
4 & * #4 > 5 3 . 
* 
% 
* 
7 
7 ' 
* 
- 
- 
* 
— 
Ky 8 88 
n Seda boa wo” j 


. 
CU 


* * 1 o 
- \ 1 * : * 1 0 of 
OF RIGHT.  LETNES.. 
e 88 8 * 
. >> it #4 117 


. 
wo %.5 


b " 2 * * * 5 o » I : 
5 - "Yy PS, $4 + ow " * 
— 
* * * 4 * " * v 
Aa 5o Mr e 8 „ Sh 45 Its a» 3i* ee 
= 1 OP babes 1 * I £ > ; * ? 1 Cit: 
P * . 


It tw two triangles 16 two angles n. 
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In the two triangles BAC, FDG, if the angle B 
is equal to the angle F, and the angle A equal to the 
angle D, the angle C will alſo be equal to the angle G. 


Since the angle C (cor. 22.) is that which the an- 
gles B and A, together, want of two right angles; 
and ſince the angle G is that which F and D, toge- 
ther, want of two right angles; the angles B and A 
being equal to the angles F and D, the angle C muſt 
be equal to the angle G. Hibs 
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„ R O P. XXIII.. 


The exterior angle of any triangle is 
equal to the two interior . een 
angles taken together. ; 


"This triangle BAC, produce one of the fides, BC, 
the angle ACD, which is called exterior, is equal to 
the two interior and oppoſite angles B and A, taken 


together. 

The line AC meeting the line BD, forms with it 
two angles, which are together 25 ' equal to two right 
angles: the angle ACB is therefore that which the 


angle ACD wants of two right angles. But the an- 
gle ACB is alſo that which the two angles B and 


A, together, want of two right angles. Wherefore 


the angle ACD is equal to the two A 0 B and A 
tal Ds 
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P R O P. XXV. 


Triangles which have two angles, and 
the ſide which lies emen . ee 
are identical, \ g zus 


In the two triangles BAC, FDG, if the angle F 
is equal to the angle B, the angle G equal to the 
angle C, and the ſide FG equal to the ſide BC, 
theſe two triangles are identical. 


Conceive the triangle FDG placed upon the tri- 
angle BAC, in ſuch manner that the fide FG ſhall 
fall exactly upon the equal ſide BC. Since the angle 
F is equal to the angle B, the fide FD muſt fall upon 


the fide BA : and fince the angle G is equal to the 


angle C, the ſide CD muſt fall upon the fide CA. 
Thus the three ſides of the triangle FDG will be 
exactly placed upon the three ſides of the triangle 
BAC; and conſequently the two triangles are 
identical. 


PROP. 
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PROP, xXxVL 


If two angles of a triangle are equal, 
the ſides es to theſe angles are alſo 
nl. TR r 3:02 OR © 


Conceive the angle A to be biſeQed by the line AD. 


In the triangles BAD, DAC, the angle B is equal 
to the angle C, by ſuppoſition ; and the angles at 
A are alſo equal. Theſe two triangles have then 
two angles equal ; the third angle will therefore ** be. 
equal: whence the angles at D are equal. Moreover, 


the ſide AD is common to the two triangles. Theſe 


two triangles therefore, having two angles, and the 
ſide which lies between them equal, are ** identical. 
Whence the fide AB is equal to the fide AC. 
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P; * 0 p. XXVII. 


In the e anch, the ſide AB is equal | 


to the ſide DC, and the fide BC equal an AD, | 


Draw the line BD which is called the 88 | 


| Becauſe BC is parallel to AD, the alternate angles 
m and n are equal. In like manner, becauſe AB is 
parallel to DC, the alternate angles 7 and gare equal. 
Alſo, the fide BD Ys common to the two triangles 


BAD, BCD. Theſe two triangles have then two 


angles, and the fide which lies between them, equal, 
and are therefore identical. Wherefore the ſide AB, 
oppoſite: to the angle u, is ** 5 equal t to the fide DC, 
oppoſite to the angle m; and the fide BC, oppoſite- to 
the angle 5, is 0 15 to the ſide AD, 8 to 
the angle r. 


** 


Cor, bs it follows, that the diagonal bie 
the parallelogram: for, the triangles BAD, BCD, 
having the three ſides equal, are identical. 


PROP. 
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P R O P. XXVIII. t 
* Parallelograms len ate between the | 


fame parallels , * have e ſame baſe, | 
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Let the two parallelogihins ABCD, AFD, bs oy. 
between the fame parallels BG, AM, and upon the - 
ſame baſe AD; the ſpace encloſg@ within the parallelo- bh 
gram ABCD, is equal eh ſpace'encloſed within the h 
paraltelograti AFGD. 353 


In the two triangles BAF, CDG,” the fide BA f 
the former triangle is equal to the fide CD of the 
latter, becauſe they are oppoſite ſides of the fame | 
parallelogram. For the ſame reaſon, the fide FA is Sh Pn 
equal to the ſide GD. Moreover, BC is equal to 5 
AD, becauſe they are oppoſite ſides of the ſame 3 4 8 
parallelogram. For the ſame reaſon, AD is equal to „ 
FG. BC is therefore equal to FG. If to both theſe 
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405 ES D 


45 


4 or * 


the two ET BAF, CDG, having the three ſides 
equal ** are identical, and conſequently have equal 
ſurfaces. ALTER 4 3 X 4 
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If from theſe two equal ſurfaces be taken the 
ſmall triangle CLF, which is common, there will 
remain the trapezium ABCL equal to the trapezium 
LFGD. To theſe two trapezia, add the triangle 
"ALD, and the parallelogram ABCD will be equal 
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ſame parallels, the triangle is equal 8 19 3 
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a ihe. jake owing ABCD,. and oh . 
AFD, be upon the ſame. baſe, AD, and between the 
ſame parallels BG, AL; the * * is half LM 
the ene Hen. FF | ; 


' Draw DG parallel to AF. | „ N ( 


| Becauſe the parallelogram b is biſeated . 
the” diagonal FD, (prop. 27. cor.) the triangle INE 
APD is half the parallelogram AFGD. But the „ 
parallelogram AFGD is equal to the patallelogram 2 
ABCD, becauſe theſe two parallelegrams are upon 
the ſame baſe and between the ſame parallels: there- 3 | 
fore the Lge AFD is equal to "hat the nnn, | 
gram ABCD. WS * 
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Parallelogtams which are between the 
- fame parallels, l W e equal baſes, are 
ua,, i e en 
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A & 7 $4 3047 Thee! 
; Let the two parallelograms ABCD, LFGM. be 
between the ſame parallels BG, AM, and have the 
equal baſes AD, LM; theſe two pen era are 
: Der B72 2.304 24d ALS | + 07 radi £ „ 45 At 7 I. 
Mr. 2 VLA nn WE nf hh Da e om 
Draw the lines AF, 5G. af; vw $7 iitrq *r 


Becauſe AD is equal to LM, And 1M: Fr T6, 


5 AD is equal to FG, and. they are parallel hy cen- 


ſtruction: alſo AF, and DG are parallel; ſor, if DG. 
be nat parallel to AF, angther line may be, drawn 
; parallel to it; whence FG will become greater or leſs 
6 than AD; chen impotihle, ee 


parallel, and 
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Now the parallelogram ABCD is ** equal to the 


ſame baſe AD. And the „„ AFGD is 
equal to the 'paraſſetogram LF@M; !'becauſe theſe 
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: 5 P. XIII . 
1 | 
Triangles: which: are between the fame 
- parallels and ki 8 baſes, are equal. "I 
OO TION A 
Let'the' two trixzgles ABD, "LFM, [ee fig 5 - 
the preceding propoſition] be beween the ſame | 
rallels BG, AM, and ben the oqual baſes AD, a 
LM, Sega, et be pe .- 
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and have equal” baſes. But the triangle ABD is **: 
one half of the parallelogram ABCD; and ho tri- 
angie LFM is one-half of the: parallelogr 
Theſe two triangles are therefore equal. 
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In the triangle BAC, let the angle A be a right 
angle. Upon the hypothenuſe BC deſcribe the ſquire 
BDF C; upon the ſide AB deſcribe the ſquare ALM, 
and upon the ſidę AC, the ſquare ARNC; the ſquare 
BDFC is equal ES FOR: ALMB, NEWP: 
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Again, becauſe 
DGPB, and the tri: on DAB are between the fame 
parallels GA, DB, | and have the ſame baſe DB, 
the triangle DAB i re half the rectangle 
DGBP. 
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vat rukler) ines" the“ ſide MB ofithe wrintigheMBC 
and che ſide AB 'of tlie triangle ADD{/are:fidts>6f 
thiCliime :fquarez/ they are (def oi.) equal. Alſa 
firico the fide EC dig the Arft triangle; and !the.fide | 
BD of the ſecond triangle are ſides of the ſame 


they are equal. And becauſe the angle MBC of the 


firſt triangle is compoſed of a right. angle and 


the angle x, and the angle ABD of the ſecond 


triangle is compoſed of a right angle, and the ſame 


angle x, therefore theſe two angles, contained 


between the equal fides, MB, BC, and AB, BD, 
are equal. Wherefore, the two triangles MBC, 
ABD, having two ſides and the contained angle equal, 
are Nn and eee, equal. | 


But the triangle MBC is half the ſquare MLAB 


and the triangle ABD is half the rectangle =DY 
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AND REOTILINRAL! FIGURES. 456 
| Becauſe the ſquare or parallelogram MLAB, and 
the triangle MCB, are between the ſame parallels 
LC, MB, and have the ſame baſe MB, the triangle 
MCB is equal to all, the ſquive ALMB, 
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55 DE FINITI V 
1. A « RIGHT line {ſee kg. prop. xxxiII. AB) ter- 
minated both ways by — e of a x eirele, 
is called à Uhor d. Wind c bonne at 11 8 Wa 
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«as erence ing one point oth is called; a Tang 


3. An angle (er fig. prop. XXIII. ABD) which 
has its vegtex in the circumference of a circle, 1 is culled 
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4. A part of a circle confined between two radi, 
{fe hg. prop; FEXLY ACBF A) is = a Setter, | 
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A 48 OF CIRCLES; 
5 6 PR O FP. XXXIE. 
To draw the circumference of « circle 
through three given points. 
4 \ 
N. 
| 3 b 1 | Let ther be pots; 4 a pdincs ys B, p. e 
3 which it is required to draw the circumference of a 
3 | circle, | | 


Draw the right lines AB, BD, and biſect them: 

OPER from the points of diviſion F, G, raiſe the perpendi- 
RE * culars FC, GC; and at the point C, with the radius 
CA, deſcribe the circumference of a circle : this cir- 


cumference will paſs through the pang B and D. 
Draw the lines CA, CB, CD. 


In the triangles CF A, CFB, the fide FA is equal 
to the ſide FB by conſtruction; the fide FC is com- 
mon; and the two angles at F are right angles. ' Theſe 
two triangles have then two ſides, and the angle con- 

= | tained 
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tained by them, equal: they are therefore identical. 
Conſequently the fide CB is equal to the fide CA. 
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For the ſame "reaſon, . triangles CGB, CGD 


are alſo identical: hence the fide CD i is equal to the 
ſide CB, and conifquently eq 
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And ſince the right lines CB, CD are equal to the 
right line CA, it is manifeſt * that the circumference 
which paſſes through the point A, muſt alſo paſs 
through the point D. | „ 
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If the radius CF. biſects the a 9 
CDA, CDB are right angles. Draw the radii CA, 
CB. e 


In che angles CDA, CDB, the ſides CA, CB, 
being radii, are equal; the ſides AD, DB, are equal 


by ſuppoſition ; and the ſide CD is common. Theſe 


two triangles, having the three ſides equal, are there-. 
fore 5 identical. Whence the angles CDA, CDB, 
are equal, and conſequently “ are right angles. 


Cor. The two angles at C are alſo equal. 


Hence it appears, that any angle ACB may be bi- 
ſeed, by deſcribing from its vertex C as the center, 


with any radius AC, an arc AFB; biſecting the chord 


of that arc AB; and then drawing, from the point of 
diviſion D, the right line CD : for it may then be 
ſhewn as in the propoſition, that the triangles ACD, 
DCB are identical, and conſequently the angles at C 
equal. = . 
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be the center. * 1 
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If the:center of the circle: be not in the ine FG, 
it) muſtqbe:fomewhete:out nf ãt, for inſtance at the 
point E. nut this is impoſſible; for if the point L 
were the center, the right line LM would be a radius; 
and ſince this line biſects the chord AB, it is *+ per- 
pendicular to AB; which cannot be, fince CD is per- 
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| N met. in the ſame 

point within a circle, and are terminated | 

by its circumference, are radii of 

that cirele e 


4 
5 þ $ N. f 4 


lines CA, CB, CD, drawn from the fame 

point C within a circle, and terminated by it, 
equal, the point C is the center of the circle. Draw 
the lines AB, BD; biſect them, and let the points of ß 

| diviſion be F, G; and draw the lines CF, (G. 
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In the triangles CFA, CFB, the ſides CA, CB 

are equal by ſuppoſition ; the fides FA, FB are equal 

dy conſtruction; and the fide CF is common. Theſe | 

two triangles have then the three ſides equal: they | 
are therefore 5 identical, Whence the two angles at 

F are equal, and the line FC (def. 11) is perpendi- 

. And ſince this perpendicular 
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biſects the chord AB, it muſt 3+ paſs through the 


center of Fs In Tot ner it may be de- 
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monſtrated, that the line paſſes through the 


center. Whence the point C is the center of the 
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Let the radius CH be perpendicular to the chord 1 
AB; the right line is equal to the right line DB, 4» 9 
and the are AF equal to the are FB. Draw the right ä 9 
lines CA, . | 


-Thotheilungereriabgle CB, the fide CA is oa to 1 
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A is equal to the angle B; the angles at D arg right = 
angles, and therefore equal; and the angles at C are 1 
conſequently. ** equal. Alſo, the fide CA is equal N 1 4 
to the fide CB, And the fide CD is emen. Theſe 19 
two triatigles Wet, chen two des, and the angle 23 
contained by them; equal, are identical; whenee = 
rhe ſide AD is equal to the fide DB. Again, ſinee the 1 
augles ACF, BCF are equal, the arcs AF,"BF,/Which 1 
anos, are al ſo equal. The chord AB, and 1 1 
yn ha AFB, are therefore biſected by the radius CF.” 1 
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Let the line AB paſs. chrough the extremity of the 
radius CT, in ſuch manner that the angles CTA; 
xs ſhall be right angles: this line AB touches the 
circumference only in one point T. If AB touches 
N n 
and draw the line CD. SOT EE bis v7 
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Ii the right-angled triangle erb, the ſquare, of 
the bypothenuſe CD is equal to the two. ſquares of 
CT and TD taken together. The ſquare. of CD. is 
therefore greater than the ſquare; of CT, and conſe- 
quently 'the line CD is greater than the line CT, 
which is a radius. Therefore the point D . 
| | - the gircumference; ' And in like manner it may be 
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Let che line n ned üg eee xxttals 
in a point T; the radius CT is perpendicular to the 
tangent AB. val ' ; 2 
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For, all other lines drawn from the point C to the 
line AB, muſt paſs out of the circle to arrive at this 
line. The line CT is therefore the ſhorteſt which 
can be drawn from the point C to the line AB, and 
conſequently (39. Cor.) is perpendicular to the line 
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da The 2 formed by 
| Sn is meaſured by half the ard of Win 


Let BTA be a tangent, and 1D a chord drawn 
from the point of contact T; the angle ATP is 
meaſured by half the ate TyD; - and the angle BTD 
is meaſure by half che arc TOD. Draw the radius 
to the point of contact, and the radius CF per- 
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The radius CF, b üg perpendicular to the chord 
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TD, **® biſects the arc TFD. TF is therefore half 


2 te arc TED. | A EN, 


In the triangle CML, the angle M being a right 
angle, the two remaining angles are ** equal to a right 
angle; whence the angle C is that which the angle L 

wants of a right angle. On the other ſide, ſince the 
radius CT is cular to the tangent BA, the 
4 r | angle 
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angle ATD is alſo that which the angle L wants of 
a right angle. The angle AT is therefore equal to 
the angle C. But the angle C is meaſured by the are 
TF; conſequently, the angle AT D is alſo meaſured 


vy the are TF, which is half f T FD, the ard of the 


chogd, Te”. if; Mel 10 Dg1tl £2 or 27 oll. 


* A 7 


oo of 
c a * . 4 os = } * - b 
6 þ * — 1 "x PR 
— LU bY * 
= $5: 8 .* Wil 
3 6 | 9 Ki "LON * 1 % 4 1», 91 * : 1 . 7 
? „ 1 . , : * a W. 
f 
> > 
LY 
F 
% 
n * - 4 * 2 - * po I — 
; 7 , < 95 24 7 | | 
1 "Y . 111 n — * if 23. o 
s - 4 5 : a 


Again, whe line TD. fomms 8 u che line RA two 
angles A TD, BTD, which are equal to typ right 
angles, and conſequently are meaſured by. half the 
circumference. , But the angle ATD. is meaſured hy 
half the arc TFD. Therangle BTD muſt, therefore 


be meaſured by half the arc TGD, ſince theſe two 
halves of arcs make up half the circumference. * 
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les at T are meaſuted by half the Te SIG 
circumference (fee prop. 22. J but the angle arp is 1 ifs 
| _ meaſured . by half the arc TD, and the angle BTCßßßß 
_ half the are TC; conſequently the angle CT D muſt "1 
be meaſured by half the arc CFD, fince theſe Wires | I ; 
halves of * make up half the circumference. | ? 
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Let 1 the angle at the circumference ADB, and the 
angle at the center ACB, be both ſubtended by the 
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ſame arc AB ; the angle ACB is double of the angle 
ADB. a FOR 
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For, the angle Ach is meaſured "a "the are AB; 


and the angle“ ADB. is +2. by half the ſame 
arc AB; the angle ACB is therefore: double of the, 
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of a circle containing a given angle. 
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Let AB be the given line, and G the given angle: 
it is required to draw ſuch a circumference through 
the points A and B, that. the angle D ſhall be equal 4 
to the angle G. $17 


For this purpoſe, FER the 1 AL, BI, in fuch | : 
manner that the angles A and B ſhall be equal to the 

angle G; at the extremities of LA, LB, raiſe the 
perpendiculars AC, BC; and kom the point 0.4 in | h 
which theſe two perpendiculars c ut each other, witk ö 
the radius CA or CB, deſcribe the circumference / 
ADB; the angle D will be oqual to the angle G. 
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The le LAB, formed by the tangent AL and 
the chord AB is. ** meaſured. by, the half of the are 
AFB; and the angle D at the circumference is alſo 
meaſure ** by the half of the arc, AFB; the angle Dis 
therefore equal to the angle LAB. But the angle 


LAB is made equal to the angle G; the angle D is | 
therefore equal to the angle G. 
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In every triangle, the greater ſide is 


oppoſite to the greater angle, and the 
greater angle t to the greater fide. | , 
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1 u angle, ABC, if the ſide Ai greater chan 
5 ka AC, tus angle C oppoſite..to the fide AB, 
Will be greater than the 1 B oppoſite to the ſide 
AC: Draw the circumference of e of a cirele through the 
three pk | ints A, Tb, 47 75 o ann 7 


org od. e 0 ee eee AA 
bie the chbed AB; is | greater than the chord. AC, 
it is manifeſt that the are ADB is greater than t! 
ar: AFC; and conſequently, the angle at the circum, 
ference C,; Which is meaſured #3: by half the, arc 


ADB, is greater than the angle at the kircumference 
B, wbich is meaſured by the half bf the are AFC. 
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Again, if the angle C is greater than the angle B, 85 
the ſide AB, oppoſite to the angle C, will be greater 5 | 
than the fide AC, oppoſite to the angle B. | ; 
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AFC. But he ' 


and the angle B by half the arc e 
angle C is greater than the angle B: the areADB ; 
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5 If the two chords AB, CD are parallel, the arcs 
AC, BD are equal. Draw the right line BC. 
| Becauſe the lines AB, CD are parallel, the alter- 
nate angles ABC, BCD are *7 equal. But the angle 
at the circumference ABC, is meaſured . by half the 
arc AC; and the angle at the circumference BCD 5 
is meaſured by half the arc BD: the arcs AC, BD 
are therefore equal. a IN 
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The angle formed by the interſection 
two chords, is meaſured by half the 
wo arcs intercepted by the to chords. 
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Let the two chords AB, Dr cut each other at the 
point C; the angle FCB, or ACD, is meaſured by half 
| the oder FB, AD. Du AG parallel to BF. 


ei the lines AG, DF are Ne d er 
nate angles on the ſame ſide GAB, FCB, are b ec 
But the angle a the circumfefence GAB, i is mea - 0p | 
by ** half the are GFB. The an angle! FCB is 1 — 
alſo meafured by! half the arc GFB, 
E the acts A6, DF a are 25 PE; arcs, 
GF, AD ate ** equal: AD may therefore be ſubſtituted | 
in the room of GF ; whence the angle FCB is mea- \ 
ſured by half the arcs AD, FB, 
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Becauſe the lines AC, DF are parallel, hl 3 
ternate angles on the ſame fide CAB, FDB are mi 
equal. But the angle FBR i is meaſured +* by half the 1 0 
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arne od bunt HR g ou! 
Becauſe the chords GC, DP 278 parall; debe OW. 
GD! CF are 4s equal. The arc FB is therefore "ae 4 
difference of the are GD and the are CFB. Where- 1 
fore, the angle A has for its meaſure half the differ 
\ ene of the arcs GD, erb. ee en nen 5 
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| Beem; be lines AC, Dh are parallel,.the al- 
ternate angles on the ſame ſide CAB, FDB are equal... 
But the angle FDB, formed by the tangent DR and 


the ct n by, half the, are FN. 
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The are FD is therefore the difference between the i 
are GLD and the are AFD, Therefore the angle = 
CAB, which is meaſured by half the'arc FD, is alſo #J 
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AD will be perpendicular to the line AB. 


i by +2 half the arc DFG, which is half the circumfe- 
rence, becauſe DCG is a diameter. The angle DAG is 


; whence the line AD is perpendicular to the line AB. 
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6, as G. Draw 
the diameter GD, and the richt line AD; this line 


The 1 DAG at the circumference i is meaſured 
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therefore meaſured by one fourth part of the circum- 
ference, and conſequently (def. 10.) is a right angle, 


Con. Hence it follows that the angle at the cir- 
cumference which is ſubtended by a a diameter, muſt 
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Draw, from the center C, any right | ine CA; 
biſect this right line; and from the * of diviſton 


B as a center deſeribe the. are CTA. Laſtly, from 


the point A, and through the point T in which the 
two arcs cut each other, draw. the right line AT; 
this right line AT will be tungen tee the circle DTB. 
Draw the radius CT. F 
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: A Mathematical Print has neither length, breadth, 
| ne nor thickneſs, The Phyfical Points; of Which we are 
no to ſpeak, has a ſuppoſed length and breadth ex- 
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and conſequently, its bteadth is equal io cat of the 
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= | 3- Since 840 0 lines are oompoſed of Pitt 
C. - 0 are compoſed of units, Peers, * b be called 
3 the Units of lines. a 
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| | tak& or repeat the firſt number/av\manytinies{ as\there 
=. - are units in the ſecond ; ſo, to multiply one Vine" by 
= | awther, is to take or: repeat the firſt. Jin ine as many times 
1 as there are units, that is phyſical points, in the ſevond. 
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N larly upon AD; theſe lines, KB, ab, &c. will Rll up | 
Jus the whole ſurface of the rectangle ABCD. Therefore 

led the ſurface. ABCD is equal to the line AB taken as 
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If from the vertex of any acl, A, of the triangle 
BAC, be drawn AD perpendicular to the oppoſite ſide 
BC, this perpendicular is called the height, and the 
ſide BC the 5%, of the triangle. Now, the ſurface 
r eee 


height AD and the baſe BC. 
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Becauſe t che reftangle BFGC and che 5 BAC 
are between the ſame parallels and have the ſame baſe, 
the triangle is » half the rectangle. But the ſurface 
of the rectangle is equal 5? to the product of BF and 
BC. Therefore the ſurface of the triangle is equal to 
half the product of BF and BC, that is, of DA and 
BC. e 5 8. 
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To find the ſurface of all the ſmall triangles of 
which the cirelg s compoſed myjtiphy the height, | 
that is the radius, by all the baſes, that is by the cir- 
cumference, and take the half of the product: whence 
the ea dn rss of the ele dm be agu to hit 1 
the product of the radius and circumference, - oY 
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To draw a eder equal to a given cirolec 
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? 100 it be ed to form a triangle. the Kut of 
which ſhal] be equal to that of the circle AGFDA. 


At the 8 of any radius of the dle CA, 
raiſe a perpendicular AB equal to the circumference 
AFD, and draw the right line CB; the ſurface 
of the triangle BCA WR be 1 to chat of the I 
* 1 Lie: 
The ſurface of the circle is equal 5* to half the pro- 
duct of the radius CA and the circumference' or the 
line AB. The ſurface of the triangle is alſoequal 5* to 
Half the product of its height CA, or radius, and its 
baſe BA, or the circumference. Therefore the ſur- 
face of the triangle is equal to that of the circle. 
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* Jn 1 of 1 quantity to another is the 
ae of times which the firſt contains the ſecond : 
thus the ratio of 12 to 3 is four, becauſe 12 contains 
3 four times; © or more univerſally, ratis is the com- 


parative magnitude of one e with ref pet to 
another.“ . 


17 
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2. Four quantities are ali or in — 
proportion, or e two quantities are faid to have the 
ſame ratio with two others, when the firſt contains, 
or is contained in, the ſecond; exactly the ſame num- 
ber of times which the third contains, or is contained 
in, the fourth. Thus the four numbers 6, 3, 8, 4 
are proportionals, becauſe 6 contains 3 as many times 
as 8 contains 4, and 3 is contained in 6 as many times 
as 4 is contained in 8, that is, twice; which is thus 
expreſſed, 6 is to 3 as 8 to 4, or 3 is to 6 a8 4 to 8. 
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Puritan which are e the 


ſame paraljels, are to one other a ww 
baſes. 


Let the two e ABCD, „Fell be 
between the ſame parallels BL, AM; the ſurface of 
the parallelogram ABCD, contains the ſurface of the 
parallelogram FGLM, as many times, exactiy, as 
example, that the baſe AD is triple of the baſe FM; 
in this cafe the ie ABCD vill Ab Gs 5850 « | 
the furface FGLM, | 


| Dude the baſe AD into PINE Sach [of 
which is equal to the baſe FM; and draw from the 
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The parallelograms ABPN, F GLM, being be- 
tween the ſame parallels and having equal baſes, the 
parallelogram ABPN is 2 equal to the parallelogram 
FGLM. For the ſame reaſon, the parallelograms 
NPSR, RSCD are alſo equal to che pan ogram 
OLM. The, parallelogram, ABCD. is therefore 
compoſed of three parallelograms, each of which is 
equal to the parallelogram FGLM. Conſequently the 
parallelogram ABCD is triple of the parallelogram 
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Let the two triangles ABC, DFG be between the 
ſame parallels LF, AG; the ſurface of the triangle 
ABC contains the ſurface of the triangle DFG as 
many times, as the baſe AC contains the baſe DG. 
Suppoſe, for example, that the baſe AC is triple of 
the baſe DG ; in this caſe the ſurface ASC will 
be triple of the ſurface DFG. 


Divide the baſe AC into three equal parts AN, 
NR, RC, each of which is equal to the baſe DG; 
and draw the right lines BN, BR. 


The triangles ABN, DFG, being between the ſame 
parallels and having equal baſes, the triangle ABN 
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is 21 equal to the triangle DFG. For the ſame rea- 1 
ſon the triangles, NBR, RBC arg alſo equal. to the 
triangle DFG. The triangle ABC is therefore com- 
poſed of three triangles, each of which is equal to the | | 
triangle DFG. Fberefore the triangiè ABC  thiple | 


of the triangle DFGi 5 
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If a line bedava és 5e 
to one of its ſides, it will cut the other” 
two ſides TIT IN - 


— 


In the triangle BAC, if the line DF is parallel to 
the fide BC, it will cut the other two ſides in ſuch 
manner, that the ſegment AD will be to the ſegment 
DB, as the ſegment AF is to the ſegment FC. Sup- 
poſe, for example, the ſegment AD to be triple of the 
ſegment DB; the ſegment AF will be triple of the 
ſegment FC. Draw the two diagonals DC, FB. 


The triangles AFD, DFB are between the ſame 
parallels; as will be eaſily conceived by ſuppoſing a 
line drawn through the point F parallel to the fide 
AB. Theſe two triangles are therefore to one ano- 
ther as their baſes ; and ſince the baſe AD is triple 
of the baſe DB, the triangle AFD will he triple of 
the triangle DFB. 
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Again, the tria angles BFD,. FDC are between the 
ſame parallels DF, BC, 12 upon the ſame bafe 
DF. "Theſe two triapgles : are therefor 5 equal, and 
ſince 'the triang gle AFD i is triple 'of the triangle DFB, 
it will alſo be he rip of the triangle FRE" (0% 200g! 

Laſtly, the FAT A ADF, FDC are between the 
ſame parallels; as will he eaſily conceived by ſuppoling 
a line drawn through the point D parallel to the 
fide AC. Theſe two triangles are therefore to one 
another 5* as their baſes :-and ſince the triangle ADF 


is triple of the N TRA the baſe. AF mill be 
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is equal to the 1 C, the 20 f. B equal to the 
"_ D, and the angle C equal to the angle F; the 
| ſide AC, for example, oppoſite to the angle B, is 
to the ſide CF--oppoſite- to the angle D, as the ſide 
AB oppoſite to the angle C, is to the fide CD oppo- 
ſite to the angle F. Place the two triangles ſo that the 
ſides AC, CF ſhall form one right line; and . 
the ſides AB, FD, till they meet in G. | 


The alternate angles on. the e fide Gar, 
DCF, being equal, the lines GA, DC are ** pa- 
rallel. In like manner the alternate angles on the 
ſame ſide GFA, BCA being equal, the lines GF, 
BC are ** parallel. Whence the quadrilateral figure 


. BGDC is a parallelogram, and conſequently, its 
oppoſite. ſides are equal. In the triangle GAF, the 
line BC being parallel to the ſide GF cuts the 


other two ſides proportionally; that is, AC is to 
CF. Ang AB is to BG or its equal CD. 
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In the hal BAC, FDG, if. the fide AB 


is to the ſide DF, as the fide BC is to the fide FG, 


and as the fide Ac to the ſide DG, theſe two tri 
angles Have their angles equal, 


Let che ſi MR bÞ/ſuppoſed: triple of the fide DF ; 
the de AC muſt be triple of the * Ss un 
Gde BC triple of the fide FG. 


If the triangle FDG be not equiangular with the 
triapgle BAC, another triangle may be formed equi- 
angular with it, for example FLG. But this is impoſ- 
ſible: for if the two triangles BAC, FLG were 
| equiangular, - their ſides would. bee proportional, 
and BC. being triple of FG, AB would be triple of 
LF: but AB is triple of DF; whence LF would be equal 
to DF 5 For the ſame reaſon LG would be equal to 
DG. . Thus the two triangles FLG, FDG, having 
their three. ſides equal would be identical; which 

AOL's fince their — are unequl. 
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Triangles which have an yogte in one 
equal to, an angle in the other, and the 
fides about theſe angles pfoportional, are 
equian we . | 


If, in the two triangles BAC, NMP, the angle 
A be equal to the angle M, and the 6d AB be to the 
ſide MN as the fide AC. re Head p 
9 are F WY 12 . 
if AB be triple of MN, AC — be 1 * of Mp. | 
Now, if the angle MNP, for example, f is not equal 
to the angle ABC, another angle. may | be made, as 
MNR, which ſhall be equal to it. But this is im- 
poſſible: for, the two triangles BAC, NMR havi 
two angles equal, would be equiangular, and Conſe- 
quently would have their ſides proportional: whence 
AB being triple of MN, AC would be triple of MR; 
which cannot be, fince ACi is triple of MP. ny I 
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P R O P. LXIV. 
A right le which biſects any angle of 
a tr jangle, - divides the ide oppoſite to the 
KiuAcd a ang le, into two "legments, which 


are proportional to the two other fides. 


: ; — Ku — ks BD deere. | 


DC, as the fide BA to the fide AC. 


EC ſide BA, a0 draw CF url to Da. 


LIL 


14/De lines Da; OF! bags pralle de alone 


angles oh the ſame fide; 1, E; are equal, and the 


alternate angles, Q are N alſo equal. And ſince 


the angle r is equal to the angle s, the angle F will 
alſo be equal to the angle C; and e the | 


ſide AF is equal: to the fide: AM. 


IF) 


i the eriangte *BFC; the line AD) Bain Cheat 
to the fide FC; BD 6e. hf de 0 DO, Ab to AF 


or its equal AC. 
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Let the thtee lines he A, B, C; it is required to 
find ad bönrthe line D, ſuch that the-line A ſhall be 
22 ann Daus 512.63 

S u 2165 01 AN lz es 5 
Form any angle RF G; m . pg 
line A, MG ny mage, to the line FN" 85 
n aol 1 
the point G draw GL! parallel to MN; NL. will 
eng en e eg N #91166; 0380199, 


me. s e e ig ad o Hun ain fn od: 


— FG; the line NM, being pirailel 
to the fide LG, cuts the ether two fides'*? proper- 
tionally. VWhence FM. ig to A 9 7 FN, is NM. 
that is A is o B, as C is h. oo. 
. res 30 
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Let the two lines be A, B; it is required to find 
a; third line C, ſuch that the line EI 
ak ADA ala is to the line C. 
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Form any angle LFG ; make FM equal to the 
line A, MG equal to the line B, and FN equal 
to the line B: dra the right tine MN; and throùgh 
the point G. draw G parallel to MN NL will % 
the third propertional required- > 02 N11 0% lie 


- 12 4 


In the triahgle FIG, the line NM being parallel 
to the ſide LG, cuts the other tv ſides ? groportion 
ally. Whence FM is to MG as FN is to NL; that 
is R n Wanne 269 10 diu af T 
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owlf four linesobe proportional, the tec- 
tangle or product of the extremes, is 
equal to the rectan gle or product of the 
means. „ 
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dan 03 bei B91 21 27 » #4, 30 228i 8 INT | 32. 


>6Tzt the line A be to the line By as dhe line C is ts 
the line D; the rectangle formed by the lines A and 


D, is _ to the * formed by = n B 


add A [upo MIT Diem : 4 gene vas ap 
[cups _ bas H Saf din o ups OM A . 
ler the bur, lines meet in a common point, forms 

ing at that point four right angles; and draw linde | 
parallel to them to complete the rectangtps:a,'y,''z.2; 


If the line Arbe triple of een the line C 
will bo triple of Git kme N. idly , 362,00 
lads 24/1 02.0 Vi ag) ot a1 MH oaaned ff. lis 

The rectangles or W eee 25 being /be- 
tween the ſame parallels, are to one another as their 
. baſes; 
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baſes. Since the baſe A is triple. of the baſe B, the 
rectangle x is therefore triple of the rectangle z. In 
like manner, the rectangles or parallelograms , 
being between the ſame parallels, are to one another 
as their baſes : ſince the baſe C is triple of the baſe D, 
the rectangle y is therefore triple of the rectangle z. 
Wherefore, the rectangle x being triple of the rectan- 


gle z, and the rectangle y being triple of the ſame 


rectangle 2, theſe two rectangles *y and y, are equal 
to one another. 
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bur Unes, which have the coming 
or . LRU of the extremes equal to the 


| rectangle or product of, the onde * 


Let the four lines A, B, C, D, be ſuch that the 
rectangle of A and D is equal to the rectangle of B 
and C; the line A will be to the line B as the line 
C to the line D. 


Let the four lines meet in a common point, form- 
ing at that point four right angles; and complete the 


rectangles x, y, 2. 0 


IF de lie A be triple of the line B. the line 8 
will be triple of the line DO). | : 


The rectangles x and z, being between the ſame 
parallels, are to one another as their baſes. Since the 
6 4 N baſe 
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baſe A is triple of the baſe B, the rectangle x will 
therefore be triple of the rectangle 2. And the rec 
tangle y is by ſuppoſition equal to the rectangle x: 
the rectangle j is therefore alſo triple of the"reQangle 2. 
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But the rectangles , Z, being between the ſame 
parallels, are to one another as their baſes : therefore, 


ſince the rectangle y is triple of the rectangle z, tho 
baſe Ci is alſo _ of the baſe D. 
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If the line A is to the line B as the line C to the 
line D; they will be in proportion alternately, that 
is, the line A will be a op ene eee 
the line D. 


Becauſe the line A is to the line B as the line C ir co 
the line D, the rectangle of the extremes, A and D 
is equal to the rectangle of the means B and C: 
whence it follows 5 that the line A is the Fs C, 
as the line B to the line D. 


Otherwiſe : | - 
Suppoſing the line A to be triple of the line B, the 
line C will be triple of the line D. Hence inſtead | 
of ſaying A is to B as C to D, we may ſay, three 
times B is to B as three times D is to D. Now it 
is manifeſt that three times B is to three times D, 
as B is to D. Therefore the line A (which is equal 
to three times B) is to the line C (which is equal 
n 
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Mf Gr lines: are, proportional; they 
will be proportional, by-campoſition Lf Gilg 
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Let the, So. 92 be to the dine B hs hea. is to 
the line, D 7 they Deen, Teng. JR 
that is; the line A joined do the line B, will be. to the | 
line B, as the line C Joinef to the line D, is to the 
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If the, line A contains ; the 2 — B, for. inſtance, | = 
theee times, and the line Ce contains the line. D three WD 1 
times. the line A Joined to 10 line B, w. vill contain | ö 
the line B four times z. and th e. line £ ee to the 
ins D, will contain the line , four times. 1 Theref fore 4 
the line A joined to the line B, is to the line B, as the | | 4 


line C joined to the line D, is to the line D. GE. 
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If the line A is to the line B 'as the line C is to 
the line D, they will be proportional by Mein; 


that is, the line A wanting the Hine B, is to the line 


B, as the line C wintinig the line D, is to the line D. 
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"If the has A contains the es By fob e 


three times, and the line C contains the line D three 


times; the line A wantin "the. Tine B, will Torltain 
the fins B only twice : and the line C wanting "te 
line P, will alſo contain the oe D twice. There 
* the find A wanting the lige B, is to the Tile By 
i the Hie © wanting x Tine B, is to the line B. 
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If three lines are re proportional, the Arſt 
is to the third, as the ſquare of the firſt 
is to the ſquare of the ſecond, 


/ 


If the line CD is to the line c as the line cd is to 
a third line x; the line CD is to the line x, as the 
ſquare of the line CD is to the ſquare of the line cd. 
Take CF equal to the line x, and draw” the 885 
dieular TIB. 


"Rings. the line CD is to A line cd as the line 94 
is to the line CF, the rectangle of the extremes CF, 
CD or CL, is equal *? to the e df the means, 
that is to che ſquare of cd. 


Again, the ſquare'of CD, and 0 of che 
lines CF, CL, being between the ſame parallels, 
are to one another 5* as their baſes. Therefore, CD is 
to CF as the ſquare of CD is to the e of CF 
and CL, or to its W the 7 gs of ed. 
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If two chords in a a circle cut each I Yang 
the rectangle of the ſegments of one is 
equal to the redtangle ce ſegrients 1 
the other. "In 


Let the two 88 Ag, CD; in SY eirele cut each 
other in the point F, the rectangle of AF, FB is is equal 
to the rectangle of CF, FD... Har * two right 
lines AC, DB. Ann WONT? ü 


* 
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Becauſe in the triangles CAF, BDF ed! Hehe at 
the circumference A and D are both meaſured . by 
half the are CB, they are equal Becauſe the angles 
C and B are both meaſured by half the are AD, theſe 
angles are alſo equal. And the angles at F a are equal 
becauſe they are vertical. Theſe two triangles are 
therefore eqwiangular, and conſequently, their fides 
are proportional. Whence the fide AF. oppoſite to 
the angle C, is to the ſide F oppoſite do the angle B, 
as the ſide CF oppoſite to the angle A, is to the fide 
FB oppoſite to the angle D. Therefore the rettangle 
of the extremes AF, FB is equal to the rectangle of 
the meant CF,E0; 5 
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To find a mean proportional between 
two given 1 | | 


1 7 7 
*Y U 
«gh, 5 * 
' . , 
\ 4 — 1 
* * 4 
5 * 
* . 
* 2 0 
* 
* 
A 5 
3—— 
- 
LY 17 * 
7 s «FJ 4 . 
* —_ % ＋ 
* * + > . 
: * 9 oe — 1 
— nn K 
. N 
% * 
* 
- * 
* ** 
1 4 
oy Kad * 


Jet there be two lines AC; it is roi figd 
a third line B, ſuch that che 8 foe 
ling R s 171 B js $o.the fine F. 4 „10 on | 
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1 Placs the lines A and Cin ſuch manner that they hall 
form one right line DGL; and biſect this right line in 
the point F. From the point F as a center, deſcribe 
the circumference of a circle DMLN ; then, at the 
point G, where the two lines afe joined, raiſe the 
perpendicular GM ; GM is the mean proportional 
fought between. the Lines A and C. Nene MG 
to N. 
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Becauſe the chords DL, MN cut each other 
at the point G, the rectangle of the ſegments DG, 
GL is 7* equal to the feRtangle of is ſegments 
MG, GN. 


Becauſe the radius FL is perpendicular to the chord 
MN, FL ** biſets MN) therefore GN is equal 
to GM. 


Laſtly, becauſe the reQangle of the extremes DG, 
GL is equal to the reQtingle. of the means GM, 
GN or its equal GM, DG is to GM, as GM is 


to GL. Therefore GM' is a mean proportional be- 
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P R O P. LXXV. 


Thee baſes and altitudes af equal tri- 


angles are in reciprocal or inverſe ratio. 
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Let the two triangles ABC, DFG be equal: the 
baſe AC will be to the baſe DG, as the perpendicular 
FM to the perpendicular BL, that is, the baſes * 
altitudes are in N or inverſe ratio. 15 


be eianale ABC is 54 half. the — i or. Tec- 
* of the baſe AC and the altitude BL. Again, 
the triangle DFG is.* half the product or rectangle of 
the baſe DG and the altitude F M. The. two tri - 


angles being equal, the two rectangles, which are 
double of the i 
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"Again, becauſe the . of the anda. AC, 


BL, is equal to the reQangle of the means DG, FM, 
92 banden 6 BL, 
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Triangles, the baſes and alticudes''of 
which are in: tteciprocai or ũnverſe ratio, 
are equal. 
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| Tn the'two triangles ane, prdd. if the” Vaſe 6 AC 
is to the baſe*DG, "as the perpendicular FM to 
the perpendicular BL 0 the ſurfaces, of oo. two Ari- 
angles ure equal. Ib 
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Aenne HUD as" T is to v1. the pro- 
dukt or rectangle vf the extremes KC, BL, is 7 equal 
to the protlud or reckangle of the niet DG, FM. 
The halves (27. Cor.) of theſe two rectangles, 


—_— Kor trian angles A ABC, DF G are, arne 
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P R OP. LXXVIL 
Two ſecants dtawn from the ſame point 


to a circle, are in - the inverſe ratio of 
the parts which lie out of the citcele. 


5 


huet che two ſecants be CA, CB; CA is to CB, 
See. Du che niht Kats FB, DA: 


In the aa oA, CFB, 4 . at tha 
circumference A and B, being both meafured by 
half the art FD, are equal: and the angle C is 
common to the two two triangles. "Theſe two triangles 
are therefore equlangular, and haye their ſides pro- 

1 | pottional. Whence the ſide CA of the firſt triangle, * 
is to the fide CB of the ſecond triangle, as the fide 
CD of the firſt tiiangle is » te ee . 
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The tangent to a circle is a mean pro- 
N between the ſecant, and the 
part of the ſecant which lies out of the 
circle. 


In the circle ABD, CA being ſecant and CB̃ tan- 
gent; CBis to CA, as CA is to CD. Dru the right 
lines AB, AD. 


The 3 CAB, cDa have the angle C com · 
mon to both. Alſo, the angle B is meaſured +* by 
half the arc AFD; and the angle CAD, formed by 
the tangent AC and the chord AD, is meaſured | 
+1 by half the ſame, arc AFD, The two triangles 
CAB, CDA, 7 then two angles equal, are 
'23 equiangular, and conſequently 51 have their ſides 
proportional. Hence the ſide CB of the greater 
triangle, oppoſite to the angle CAB, is to the fide 
CA of the ſmaller triangle oppoſite to the angle D, 

. | AS 


or PROPORTION, 


as the fide CA of the greater triangle, oppaſite to the 
angle B, is to the fide CD of the ſmaller triangle, 
M39 the 


Con. This propaſition ſuggeſts a new m 
finding a mean proportional between two given lines, 
Take CB equal to one of the given lines, and CD 
equal to the other; biſect DB; from the point of 
diviſion as a center deſcribe the circumference DAB; 
and draw the "Ow CA: this tangent is a mean pro- 


as appears fram the 
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Let it be required to divide the line CA in extreme 
and mean ratio: that is, to divide it in ſuch manner, 
that the whole line ſhall be to the greater part, as the 
greater part is to the leſs, 


At the extremity A of the line CA, raiſe a a 
dicular AG, equal to half the line CA: from the 
point G as a center, with the radius GA, deſcribe 
the circumference ADB; draw the line CB through 
the center; and take CF equal to CD: the line CA 
will be divided, at the point Fin extreme and mean ratio. 


Becauſe 7* CB is to CA, as CA is to CD, by divi- 
ſion 7 CB wanting CA, or its equal DB, is to CA, 
as CA wanting CD, or its equal CF, is to CD; 
that is, CD or CF is to CA, as FA is to CD or CF. 
Conſequently, the rectangle of CF and CF, is equal 
to the rectangle of CA and FA. Whence, the rec- 
tangle of che means being equal to the rectangle of the 


. © & 


extremes, CA is to CF, 28 CF is to FA. 
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DEFINITIONS. 


1. F. GURES are Similar, . are oompoſed of an 
equal number of phyſical points Ro in the ſame 


manner. Thus the 1 ABCDF, abcdf are anler, 
if every point in the firſt figure it ee 
eK und in the ſame manner, in the ſecond. 


, 1 v1 

"Hence it follows, that. if ihe. foi raps . far 
example, three times greater than the ſecond, the 
points of bd it ie compoſed ane: theres dee 
than thoſe of the ſecond ſiguree. 


. 
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In ſimilar figures, thoſe . ſaid to be 
homologous which are compoſed of an equal number of 
ann points. 
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Is fimilar figures, - the homologous 
lines are proportional. | 


Let the firilar Gigures be ABCDF, d and the 
homologous lines Os ca } CF, 3 CA is to CF, 
. 


Since the lines Ca, ea are Lid, they _ 
compoſed of an equal number of correſponding points; 
as are alſo the homolagous lines CF, . If, for ex- 
ample, the line CA is compoſed of 40 equal points, 
and the line CF of 30; the line ea will neceſſarily be 
compoſed of 40 points, and the line of 30; and it 


is manifeſt that 40 is to 30, 48 40 — ep 
CA is to CF as ea to r 
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| The circumference DCB is to the radius AB, as 
the circumference deb is to the radius ab. N | | 
All circles are fimilar figures, that is, are ed 
of an equal number of points diſpoſed: in the ſame 
manner: they have therefore *® their homologous lines 

proportional. Therefore the circumference DCB is | 
to the radius AB, as the circumference deb is to the 
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Similar figures are to each other as She 
Nille; 'of their homologous fides. 


-- 4 
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Let the two ſimilar figures be A, a. Upon the 
homologous ſides CD, cd form the ſquares B, b. The 
ſurface A is to the ſurface e as the ee B is to 
the ſquare 5. 1. 


Since the figures A, à are ſimilar, they are com- 
poſed of an equal number of correſponding points; 
and ſince the homologous ſides CD, cd, are compo- 
ſed of an equal number of points, the ſquares drawn 
upon on rag b, pn 

1 | 

If it be ſuppoſed that the ſurface A is compoſed 
of 1000 points, and the ſquare B of 400 points ; the 
ſurface @ will alſo be compoſed of 1000 points and 
the ſquare h of 400. Now it is manifeſt The looo 

9A is 
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> HO Oe ˙ A . 
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is to 400, as 1000 to 400. Therefore the ſurface wy 
is to, the ſquare B a the ſurface a is $o the ſquare 5; 
and alternately 59 the ſurface A is to the ſurface a, as 
the 795 7 $0 27 ſquare 5 
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5 — Hence it follows, that If ang thtee fimilar 
figures be formed upon the three ſides of a right angled 


triangle, the figure upon the hypothenuſe will be 
equal to the other two taken together : for theſe three 
figures will be as the ſquares of their ſides ; therefore, 
ſince the ſquare of the hypothenuſe is equal to the 
two ſquares of the other fides, the figure formed upon 
the hypothenuſe will alſo be equal to the two other 
, figures formed upon the other ſides. 
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Circles ars to each $a 2 e ſquares 
of their radii. 
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Let two circles, DCB, deb, be drawn 


The ſurface contained within the circumference 
DCB, is to the ſurface contained within the circum- 
ferente deb, as the ſquare formed upon the radius 
AB to the ſquare formed upon the radius ab, 


The two circles, being fimilar figures, are com» 
poſed of an equal number of correſponding points, 
And the radii AB, ab, being compoſed of an equal 
number of points, the ſquares of theſe radii will alſo 
arc enen 


Suppoſe, for een. that the greater circle DCB 
is compoſed of 800 points, and the ſquare of the 
40 65 A I greater 
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greater radius AB of 300 points, the ſmaller circle 
deb will alſo be compoſed of 800 points, and the ſquare 
of the ſmaller radius of 300. Now it is manifeſt that 
800 is $9, 98-42 $80 $9, 300. Therefore the greater 
circle DCB is to e ſquare of its radius AB, as the 
_ (aller, Saks the gn the ſquare, of its radius 46 
and alternately, the greater circle is to the * 
eircle, as the greater ſquare is to the leſſer ſquare. 
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Similar triangles: are equiangula. 
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If the two triangles ABC, inde eee 
equal number of points ae in ww ſame e 


they are edlen. 
For, ſince the triangles ABC, abe are ſimilar 


figures, they have their fides * 0 proportional: they 
are therefore equiangular. 
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Equiangular triangles are ſimilar. : 


If the triangles ABC, abc, are are equiangular, they 
are alſo ſimilar. | 


If the triangle ABC were not ſimilar to the 3 
abe, another triangle might be formed upon the line 
AC, for example ADC, which ſhould be ſimilar to 
the triangle abc. Now the triangle ADC being ſimilar 
to the triangle abe, will alſo *+ be equiangular to abc; 
which is impoſſible, ſince the triangle ABC is ſup- 
poſed equiangular to FO, 

PROP. 
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If four lines are ra their 
We tf are Alſo POP TOO. 
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If the line AB is to the line AC, as the line AD 
is to the line AF; ; the ſquare of the line AB will be 


to the ſquare of the line AC, as the ſquate of the line 
AD is to the ſquare of the line AF. 


With the lines AB and AD form an angle BAD; | 
with the lines AC and AF form another angle CAF 
equal to the angle _— a oe the Wy nne 
DD, GF. Weld jb us e #24 


Becauſe AB is to AC as AD to AF, and the | con- 
tained angles are equal, the two triangles BAD, 
CAF have their” fides about equal angles propor- 
tional: they are therefore equiangular, and conſe- 
quently 5 fimilar. | Whence they are to one ano- 
ther “ as the ſqlates of their homologous ſides. If Ss 0 
then the triangle BAD be a third part of the triangle ; 
CAF, the ſquare of the fide AB will be a third part of 
the ſquare of the ſide AC, and the ſquare of the ſide AD 

will be a third part of the ſquare of the ſide AF. 
| Therefore theſe four ſquares will be 5 x: 
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Similar „ titty figur nde > U . 


vided into an equal number of fimilar 
tines 
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hy oy Dot Pang = .abcdf';, and 
draw the -homologous lines CA, ca; CF, ꝙ theſe 
two figures will be divided into l number of 
funilar triangles. r 
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The i BCA, bes "hog pet of an 
equal number of correſponding points, are ſimilar. 


. The triangles Ac, acf, and the triangles FCD, fed 

are alſo ſimilar for the ſame reaſon, Therefore the 

1 ſimilar figures ABC DF, abcdf, are divided into A 
equal number of ſimilar triangle. 
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The ſimilar figures ABCDF, | abedf, {ſee fig. on 
the oppoſite ſide] have their angles equal. Draw the 
homalogous lines CA, ca; CF 


The triangles BCA, bea are ſimilar, and conſe- 
quently equiangular, Therefore the angle B is equal 
to the angle 5, the angle BAC to the angle bac, and 5 
the angle BCA to the angle bea. The triangles ACF, 
af; FCP, fed, are alſo equiangular becauſe they are 
ſimilar. Therefore all the angles of the ſimilar figures 
ABCDF, abcaf are equal. egen 
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1 | aac bans the ſides of which 
3 are propyrfiensl, are fimilar. 
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If the eas ABCDF, . obcf have their {EPS 
equal, and their fides proportional, OP are ape 
Draw the right lines CA, ca; CF, 9. 


The trlangles CBA, "pe have two fides propor- 
tional, and the contained angle equal; they ate there- 
fore ©? equiangular, and conſequently * "ſimilar. 1 
lines CA, ca are therefore proportional. re 


T4 % 


The new. CAF, caf have two files Aeppere 
tional, and the contained angle equal; for, if from 


BAC, bac, there will remain the equal angles CAF, 
caf. Theſe two triangles are therefore equiangular, 


of an equal number of ſimilar triangles ; that is, 
they are compoſed of an equal number of points diſ- 


poſed in the ſame manner, or are ſimilar. 
PROP. 


the equal angles BAF, 'baf be taken the equal angles 


and conſequently ſimilar. In the ſame manner it 
may be proved, that the triangles CFD, gd are ſimilar. 


The two figures ABCDF, abcdf are then compoſed | 
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A PLANE is a ſurface fuch that if a right line; 
hot ied to it, touches it in two points; it will touch 


Fa N 
a - 


it in every other point. The ſurface of a fluid at reſt, 


or of a well-poliſhed table, may be conſidered as a 
Plane. 5 10 


2. A right line is perpendicular to a plane, if it 


makes right angles with all lines which can be drawn 
from any point in that plane. Thus 
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BA is perpendicular to the plane MI. Gx, becauſe 
it makes right angles with the lines AM, AL, AG, 
Kc. drawn from the * A. 
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3. Let AB be the common interſection of two 
planes. If two right lines LM, FG be drawn in 
theſe two planes perpendicular to the line AB, theſe 
will form four angles at the point C, which are called 

e Inclinations of e elan, or * angles f formed 
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4. If the line AB revolves about itſelf without 
changing its place, the line AC, which makes an 


acute angle with AB, will deſcribe, in the revolution, 


a concave ſurface, LAC; and the line AD, which 
makes an obtuſe . with AB, will W in the 
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 _ $. But the line AP, [fee fig. def. 4+] which makes 
v right angle with AB, will deſerihe in the revolution = 
2 furface which will be neither coneave nor convex, 
but plane: and the line AR will be gerpendicular te 
the plane MLGFPN, becauſe it will make fight 
angles with the lines AM, AL, AG, Ge. drawn 
from the point A in that plane. k 
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A perpendicular is the ſhorteſt _ 
which can be drawn'from ker 
plane. «INTE 10 T8013 Ron Gy PY 


From the point B, let the right line BA be drawn 
perpendicular to the plane DY N any other” line, as 
BC, will be danger than the ne BA. ven the 
plane draw the right line Ac. 


Beacuſe the line BA is a to the plane 
DF, the angle BAC is a right angle. The ſquare 
of BC is therefore equal to the ſquares of BA 
and AC taken together. Conſequently, the ſquare 
of BC is greater than the ſquare of BA, and the 1 


BC * an the line BA, 
e PROP. 
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A perpendicular meaſures the diſ- 
tance of any point from a plane. 


The diſtance of one point from another is meaſured 
by a right line, becauſe this is the ſhorteſt line which _ 


1 
x 


can be drawn from e dne point to another. So, the 
diſtance from a point to a line, is meaſured by a 
perpendicular, becauſe this line is the ſhorteſt which 

can be drawn from the point to the line. In like 
Wanger) the ifttnce fret 4 point 10K plane, muſt 
de rfieafurtd by 4 porpehdictilar” dran From cht 
pdifit tö we plane, becauſe this" is the ſhorteſt lind 
which can be drawn om the point to be. _— 
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IA the two © dualer AL BMR, AFBGA wart 
each other ; the line which is common to both is a 
right line. Draw A Tight line. from che point A co 
the point B. n 2 Nn 
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Becauſe the right line AB touches the two planes 
in the points A and B, it will touch them [def. 1.] 
in all other points: this line is therefore common to 
the two planes. Wherefore the common interſection 
of the tyo planes is a right line. b 8 
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If three points, not in a right line, are 
common to two planes, theſe two planes 
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Let two planes be ſuppoſed to be placed upon one 
another, in ſuch manner that the three points A, B, C 
ſhall be common to the two planes; all their. other 
points will alſo be common, and the two planes will 
be one and the ſame plane. The point D, for ex- 
ample, is common to * e Draw 1 Fight 


lines AB, CD. 917 ee e 
. Becauſe th -ight tw WW | e ten anes 
in the points A and B, it will touch them [<ef. 7] 
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f ; Again becauſe, the right lies CD touches the c 55 


planes in the points C and E, it will touch it in the 
point D; therefore : the point D is common, to the two 
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planes. "The fame, may be ſhewn concerning every 
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other point. " Wherefore the two planes eite m 


2 or are one and the ſame plane. 
5 PROP. 
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„Ha tight lige be perpendicular to, two 
right lines which cut each other, it will 


be 0 e to the plane of theſe 
right lines. nn 
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EDCG, another plane might, he made to paſs through 
the point A, to which the line AB would be perpen · 
dicular. But this is impoſfible : for ſince the angles 


BXC; BAD ate right angles, this Gtfer plane muſt 
paſs through the pofnts C, D; it Wold therefbre be 


the fame with the pline FDCG; "ice theſe” ds 


plates would Rave Hire common” 
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„having a cammon ſection AB ; and place theſe N 


rectangles upon the plane LM in ſuch manner that 


the baſes of the tuo teangles AC, AG ſhalt be in 1 8 q 
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th plane LU] and form any angle wn each other; 
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ö The line AB makes right 
AC, AG, which by ſuppoſition are in the plane LM: 21 
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Tw O planes cutting. each, * at 
1 angles, if a right line be drawn in 
one of the planes perpendicular to their 
common interſection, it will be perpen- 
dicular to the other place, 
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3 Abd, 41880 . 
at right angles: if the line LC be perpendicular to 
their common interſection, it is alſo perpendicular to 
pe ah AG. neee eee 6 


ee e eee eee 
common interſection AB, the angle LCG [def. 3. 
is the angle of inclination of the two planes. Since 
the two planes cut each other perpendicularly, the 
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And becauſe the line LC i. is perpendicular to the 
two lines CA, CG in the plane AFBG, it is . per- 
pendicular to the plane AFBG, 
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I one plane meets another plane, it 


makes Angles with that other plane, 


which are taggether eee $0-er@oright 
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Let the plane ALB meet the plane AFBG; theſe 
planes will make with each other two angles which 


will together be equal to two tight angles. Through 


any point C, ge LM perpendicular 
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"The line 55 makes with he line FG two angles 
together equal to two right angles. But theſe two 
angles are [def, 3.] the angles of inclination of the 
two planes, Therefore the two planes make. angles 


with each other, which are together equal to two 


right angles. „ ON % 7 
Con. he pry te donciichcel 6 u l= manner 
that planes which interſect each other, have their 


vertical angles equal, that parallel planes have their 
alternate angles equal, &c. 
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If two planes are parallel to each other, 
a right line which is perpendiculat to 
one of the planes will alſo be perpen- 
dicular to the other. olg 
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"Le te iy geen 0 de FE, " Hehe | 
line BA be perpendicular to the plane FG, it will 
alſo be perpendicular to. the plane LM. From any 
point C in the plane LM draw CD perpendicular to 
the plane FG, and draw BC, AD. 
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Becauſe the lines BA, op. are ee to as | 
plane FG, the angles A, D are — angles. 25 ee 


n tes planes LM, FG are parallel, the per- 
pendiculars AB, DC def. 6.] ate equal; from 
whence it follows, that the lines BC, AD, are parallel. 
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The line BA, being at right angles to the line bY 
Ab, will alfo ** be at right angles to the parallel line 5 
BC. The line BA ene ee _— 
the line BC. Ti * — Ss 
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In the ſame manner it may be demonſtrated that | 1 
the F. B is at right angles to other lines _ 
which can 8 drawn from the point 22. the plane | B 
LM. Therefore [def. 2.] the line BA is perpendi- : 9 
cular to the plane LM. | : 


—* 
SY 
- 
2" 


— 1 nt 7 % "x wy r 
SAQOLITVItEC 
2K doidw 3803 i (bis over ow ©; e A ol # 
ondoint bas githss10 dos! 
en yd basti bile 8 ei ot K 
| : W 


[i 


0---- 


tab ow3 Vd bear tin bilo a i vil A -Y 
231m yd bus cede! fora 09 biking, avigd only 6 


© & + Y# 


1 5 : 
TELE 512 Jans 547 fi 3441 Ys 


3 


— 

22 
33 
by * 


r 


es 


PR. 
"= 
4 9 
| ; 0 E. , 
F « 18 WW 3 
} \ n » = 
* by A 17d 
. Fe 2 = 
* 1 T 


N A *. 


*2 


4 
: 4 * 
x ** W "3. 
- . ' WN 1 


22 


"Id + ene n ä 


1 


ED. 28 Ae. 
7 TL 52 11 rette FIC . * 9 1. Ir nn: 47285 = Sf Sad . 
* 


8 N $2 inne n "_ Ti, nad en 


5 ” . ' 0 0 * 
e. ey — C —. — 7 19 * 3 | $4 
42 4 *4 213; A * 3 fe; 6. 2 212 24 101 . 1 8 L 9c} 


N 1 2 09 4 pre — 7 - —_ * 0 
ce e AT ont lt e b 
14 5 of * 
V nel och 04 1614s 


DEFINITIONS. 12 


1. A Send, as we have ſaid, bs het which ts 
length, breadth, and thickneſs. 

2. A Polyhedron, is a ſolid terminated by plane 
ſurfaces, |. 1% 


3. A Priſm, is a ſolid terminated by two identical 
plane baſes parallel to each other, and by gar 
which are parallelograms. | / 
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5. A Cube, is a folid terminated by fix ſquare ſur- 
faces : 2 die, for example, is a cube. 9; Ho : 
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6. If right lines be rajſe# Em e. every point in the 
perimeter of any reQilineal figuie, and meet in one | 
common point, theſe lines together with the rectilineal | 8 
figure; incloſ a-ſolit buch d olg a Farid © | 
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12518 Onder is ſolid torminated dy bro baſes 
which are equal and parallel circles, and by a convex 
ſurface; © or, it is a ſolid formed by the revolution 
0 of a parallelogram about one of its ſides. 
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8. If right lines be failed" 6m" every point in tbe 


circumference of a circle, and meet in one common 


point, theſe lines together with the circle incloſe a 
folid which i is b 2 a Cone. 5 
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9. A. ſemicircle evo bing abuts ſtsl diameter 
forms a ſolid which is called a Sphere. 
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10. If from the vertex of a ſolid, à perpendicular 
be let fall upon the oppoſite plane, this perpen- 
dicular is called the Altitude of the ſolid. In the 


pyramids ACD, 1925 AB, Ab are their * 
NW bo 
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11. Solids are ſaid to be equal, if they ineloſe an 
equal ſpace: thus a cone and a pyramid are equal 
ſolids, if the ſpace incloſed within the cone be egual 
to the ſpace incloſed within the dyramid. 
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12. Similar e are ſuch às conſiſt of an equal 
number of en polnts, bg ng in the ſame manner. 

Thus Tin the fig. def. 10.] the 0 A ACD, 
and the ſmaller pyramid Acd are fimilar ſolids, if every 
point i in the larger pyramid has a point correſponding 

to it in the fmaller pytamid; | A hundred muſket- 
bullets; and a hundred cannon-balls, diſpoſed i in the 
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- The ſolid content of a cube is equal 
to the product of one of its ſides twice: 
multiplied by itſelf... 


1617/0. 


Let the lines 1b. AB be equal. Let the line AD, 
deawn perpendicular to AB, be ſuppoſed to move 
through the whole length of AB: when it is arrived at 
BC, and coincides with it, it will have formed the 
ſquare DABC, and will have been mn, 90 ** 
line AB. YA" RAR I e 5h e 

Next, let the —— AF be * equal to AD ns 
perpendicular to the plane DABC and ſuppoſe the 
plane DABCto move perpendicularly through the whole 
length of the line AF; hen it is arrived at the plane 
MFGL and Wer with it, it will have formed 


G72 8 — the 
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the cube AFLC, and will have been multiplied by 


Hence it appears, that to form the cube AFLC, it 
is neceſlary firſt to multiply the ſide AD by the ſide AB, 
equal to AD; and then to multiply the product, that 
is the ſquare of AC, by the fide AF equal to AD; that 
is, it is neceſſary to multiply AD by AD, and to 
multiply the product again by AD. 
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Let the two ſolids A, a, be ſimilar; and let their 
homologous lines be AB, ab, BG, bg: AB will be 
to BG, as aß to bg, = 


Becauſe the ſolids A, a, are ſimilar, every point in 
the ſolid A has a point correſponding to it, and diſ- 
poſed in the ſame manner, in the ſolid 4. Thus if 
the line AB is compoſed of 20 phyſical points, and 
the line BG of 10, the line ab will be compoſed of 
20 correſponding points, and the line bg of 10. Now 
it is evident, that 20 is to 10 as 20 to 10: therefore 
AB is to BG as ab to bg, « 
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" i Let the ſolids [ſee fig, on the elde nas] A, a be 
ſimilar; their correſ} pong angles are equal. 


Becauſe the ſolids A, a, 8 hk ſurfaces 
BAF, baf, are compoſed of an equal number of points 
diſpoſed in the ſame manner. 
therefore ſimilar figures, and conſequently as equian- 
gular. The angles B, A, F are therefore equal to 
the angles þ, a, . In the ſame manner it may 
be demonſtrated that the other Correſpondent. angles 
are equal, 2 „ 
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Solids which have their angles equal 


and their ſides proportional, are ſimilar. 


"If 61 ſolids A, 4 151 Wr Lage ji and their 
ſides proportional, they are  fimilar. whe pe 
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For if the ſolids A. 7 were not f milar,, another 


ſolid might be formed upon the line BF ſimilar to 


the ſolid a. But this is impoſſible. For, in order 
to form this other ſolid, ſome angle or ſome ſide 
of the ſolid A muſt be increaſed or diminiſned; and 
then this new ſolid would not have all its angles 
equal, and all its ſides proportional, to thoſe of 
the ſolid a: that is, **? *** would not be ſimi- 
lar. 
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Hop A, a be two ſimilar ſolids : 1255 Golid A cok 

tains the ſolid a, as many times as the cube formed 

upon the fide BF contains the cube formed upon the 
fide bf. 


g Becaiie the ſolid A is fimilar to the ſolid a, every 
point in the ſolid A, has its correſponding point in 
the ſolid a. From whence it follows that if the ſide 
BF is compoſed, for example, of 50 points, the fide 
bf will alſo be compoſed of 50 points: and conſe- 
quently,” the cubes formed upon the fides BF, #f will 
be compoſed of an equal number of points. 


f Let it then be ſuppoſed that the ſolid A is come: 
rol 50, g006 points, and the cube of the fide BF 
2 of 
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of 5006 points; the ſolid 4 muſt be compoſed 
of 4000 points, and the cube of the ſide bf of 
5000 points. Now it is evident that 4000 is to 5000, 
as 4000 to 5000. Therefore the ſolid A is to, the 
cube of Bra as the ſolid 4 to the cube of t and 


alternately, the ſolid A is to the ſolid a, as the cube 
of BF to the cube of 
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Cor. It may be demonſtrated in. che ſame manner, 
that the ſpheres A, a, which are ſimilar ſolids, are to 
one another as the cubes of their radii AB, ab. 
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The ſolid content of a perpendicular 
priſm, is equal to the product of its boſe 
and height, 


- \ g B ae B 8 


n 


The ſolid content of the perpendicular priſur 
ABCD, is equal to the (harry of its baſe and 
height AB. 


If the lower baſe AD be ſuppoſed to move perpen- 
dieularly along the height AB, till it coincides with 
the upper baſe BC, it will have formed the priſm 
ABCD. Now, the baſe AD will have been repeated 
as many times as there are phyſical points in the 
| height AB. Therefore the ſolid content of the priſm 

_ ABCD, is equal to the product of the baſe multiphed | 
by the height. 


Cor. In the ſame manner it ah be demonſtrated, 
" Wit the ſolid content of the perpendicular cylinder 
ABCD, is equal t to the 8 of its baſe AD and 
NaN AB. > 
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The ſolid content of an inclined priſm, 


is equal to the product of its baſe and 
height. < cit inal hook 
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: Lok the 'inclined priſm be CP; it is equal tothe 
product of its baſe RP and height CD. 

Conceive the baſe NB of the perpendicular priſm 
NA, and the baſe RP of the inclined priſm PC, to 
move on, in the ſame time, parallel to themſelves 
when they have reached the points A and C, each 
of them will have been taken over again the ſame 
number of times, But the baſe NB will have been 
taken over again 104 as many times as there are phy- 
ſical points in the height CD. The baſe RP will there- 
fore have been taken over again as many times as-there 
are phyſical points in CD. Conſequently the ſolid 
content of the inclined priſm CP, is equal to r yr 
duct of its baſe RP 4nd 84 CD. 
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la e 1 a ſection parallel to the 
baſe i is * to the baſe. e en 


4 


au dition adds parallel to the baſe CD; FJ 
ſection is a figure ſimilar to the baſe. Draw AB 


perpendicular to the baſe CD; draw alſo BC, be; 
BE, be. 


Becauſe the planes cd, CD are parallel, AB, being 
perpendicular to the plane CD, will alſo ** be per- 
pendicular to the plane cd: whence the triangles Abe, - 
ABC, having the angles 5, B right angles, and the 
angle A common, are equiangular. Therefore ** Ab is 
to AB as bc to BC, and as Ac to AC. | 


In like manner it may be proved that Ab is to AB 
as be to BE, and as Ae to AE, Conſequently, if 


459 | OF SOLIDS, 


Ab is one third part of AB, bc will be one third part 
of BC, be the ſame of BY, Ac of AC, and Az of AE. 


Again, in the two triangles Ac, CAE there are, 
about the angle A, common to hoth, two ſides pro- 
portional ; they are therefore SN _ equiangular, and 
conſequently * have their other ſides proportional. 


| Therefore ce will alſo be one third part of CE. 


The two triangles che, CBE, having their fides 
proportional, are therefore 5? ſimilar. The ſame may 
be demonſtrated concerning all the other triangles 
which form the planes cd, CD. Therefore the ſection 
cd is ſimilar to the baſe CD. 


Remark. If the perpendicular AB falls out of the 


| baſe, by drawing right lines from the points ö, B, it 


may be demonſtrated in the fame manner," that the 
eien is ſimilar to the baſes” | 
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Let CD, cd be parallel ſections. From the vertex 
A draw a perpendicular AB to the plane CD: the 
plane cd is to the plane CD, as the ſquare of the 
height Ah is to the ſquare of the height AB, Draw 
BC, be. | 


The line AB, being 5 to the plane CD, 
will alſo ** be perpendicular to the parallel plane cd: 
whence the angle Abc is a right angle, and alſo the 
angle ABC: moreover, the angle at A is common to 
the two triangles Abc, ABC : theſe two triangles are 
therefore equiangular. Therefore the fide ch is to 
the ſide CB, as the hoe a, to the fide AB; and con- 

405 ſequently, 
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152 nde 19 8. 
ſequently, the ſquare of ch is to the ſquare of CB, as 
che ſquare of AG 9 the ſquare of AB. | 

The planes cd, CD, being :06 ſimilar figures, are 
to ono another as the ſquares of the homologous 
lines ch, CB; they are therefore alſo as the ſquares of 
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the heights AB, AB. wy 
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Cor. In the ſame manner it may be demonſtrated, 
that in a cone the ſeon$' parallel to the baſe are to 
one another as the ſquares af the heights or perpendi- 
cular diſtances from the vertex. 
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Pyramid of che fans zds are to one 
another as s their baſes. 


1 "4.643 3 


Let A, F, be two pyramids.” II the perpendicular 
AB is equal to the perpendicular FG, the pyramid A 
is to the pytamid F, as the baſe cb to the baſe LM. 
Suppoſing, for example, the baſe CD to be triple of 


the baſe Ee the pyramid. A {IN 1 tr ſple of the 
pyramid F. | 9 


1 


Fe „1 DIC 


_ Two ſections, cd, Im, rege at equal heights 
Ab, Fg; the ſection > is 17 to the baſe ©, as the 
ſquare of the height Ab to the ſquare, of the height, AB: 
and the ſection Im is to the baſe LM, as the ſquare of 


the height Fg to the ſquare of the height FG, And 


becauſe the heights are equal, AB to FG, and Ab to 
Fg, the ſection cd is to the baſe CD, as the ſection 


20 44 | Z h Im 
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Im to the baſe LM; and alternately, the ſeQion a 
is to the ſection ln, as the baſe CD is to the baſe 
LM. But the baſe CD. is triple of the, baſe LM, 


therefore the 188 > i is alſo vie of f the ſeQion, jm. 
Sn a 918 58 Sei 40 Yo ee 


2%} 4 


Becauſe the heights AB, FG are equal, it is ma- 
nifeſt that the two pyramids are compoſed of an equal 
number of phyſical ſurfaces -placed one upon another. 
Now: 1 it may | be demonſtrated i in the ſame 1 manner, that. 
every i ; ſurface or ſection 9 f the pyramid A is triple of 
the cotreſponding rl or. ſection of the pyramid F. 
Therefore the whole pyramid A is tri iple of the w whole 
pyramid F. 


Gon. Hence it fene that pyramids of the lame 
height and "equal baſes, | are equal) ſince "they are t 
| one and ee l A 
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a cube, and whoſe vertex is: at he 
center of the cube, is equal to a third 

part of the product of its height and 
baſe. 
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Let the cube AM and the pyramid C have the ſame 1 
baſe AD, and let the vertex of the pyramid be at the | 

| center of the cube C; this pyramid is equal to a third 
part of the 1 of its height and age . 


— 


Conceive "TM lines dragon from che center of the 
cube to its eight angles A, B, D, F, N, G, L, M; 
the cube will be divided into fix equal pyramids, each 
of which has one ſurface of the cube for its baſe, and | = 
half the height of the cube for its height; for e.. 9 
ample, * pyramid CABDF. | ; | a * 


* 
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Three of theſe pyramids will therefore be equal to 
half the cube. Now the ſolid content of half the cube 
is equal to the product of the baſe and half the height; 
[compare Prop. 99.] Each pyramid will therefore 
be equal to one third part of the product of the baſe 
and half the height of the cube, that: 1 is the whole 
e eee d Ar 10 T9912 
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The bond content 2775 a pyramid 


equal to a third part of the prot of 
its Owe and baſe. 


Let RPS be a pyramid z its ſolid content is equal | 
to a third part of the grodult. of its 1 Ins its - 
baſe KS. 


" Form © tle. the height of which, BL, is FOR 
of the height of the pyramid RPS. A pyramid, the 
baſe of which is that of this cube, and the vertex of 
which is C the center of the cube, will be equal to a 
third part of the product of its baſe and height. 


The pyramids C and P have the ſame height; they are 
therefore [Prop. 108. Cor. ] to one another as their baſes. 
If the baſe AFDB i is double of the baſe RS, the Pyra- 5 
mid C will therefore be double of the F P. 


But the pyramid C is equal to 2 third part of the 
product of its height and baſe. The pyramid P will 
therefore be equal to a third part of the ptoduct of the 
ſame height and half the baſe AFrDB, wy W g is 


the ſame thing, the whole baſe RS. * 
P R 0 P. 
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The ſolid content of a cone is equal to 


| a third part of the # «xr its height 
and baſe. ATE vr | {in 


For the baſe of a cone may be confileved as a a poly- 


gon compoſed of a great number of exceedingly ſmall 
fides : and conſequently the cone may be conſidered as 
a pyramid having a great number of exceedingly ſmall 
| ſurfaces : whence its ſolid content will be equal 
to one third part of the the product of its height and baſe. 
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The ſolid content of a cone is a third 
part of the ſolid content of a Aer de- 
ſcribed about I: 


nee 


„Let the cone BAC, and the cylinder. BDFC have 
the ſame height and baſe, the cone is a third part of 
the cylinder. 


For the indy is rg to * product of its 
height and baſe; and the cone is equal to a third part 
of this product: therefore the cone is a third part of 
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the cylinder. 41d y;, 
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| Tue ſolid content of A ſpheres 1250 Aua 
: to a third part of the product of its radins 
| and ſurface. TO eee | 
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* "Two points, not being ſufficient to wks. a curve 
line, three points will not be ſufficient to make a curve 

ſurface. If therefore all the phyſical points which 8 
compoſe; the ſurface of the ſphere C be taken, three 
by three, the whole ſurface will be divided into 
exceedingly: ſmall, plane ſurfaces: and radii being 
drawn to each of theſe points the ſphere will be divided 


into ſmall pyramids which have their vertex at the 
center, pw. baſes. oy bk eines ads nt 
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The bold contents, of all theſe ee aft | be 
equal: tg a third part of the product of the height and TH 
baſes. Therefore the ſolid content of the whole 
ſphere will be equal to a third part of the product of 
che height and all the baſes, that * of its radius and 


a0 = 1 
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f The Funke of a ſphere is equal ba four 
of its-great circles... oo g Haie e 


If a plane biſe&t a Hin, hs ſection will 0 
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through the center, an and is called a end circle 6f the 


TIDES 

A Abc be A duese; deferive — part 

of * the circumference” of A eircle 'BLD'; draw the 
diagonal AC, the Do Tine FRE! parallel te wan 

(right line AL. einde Sheds bo 548 65 ghee 
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In the wh ARC, on account es eee 
AB, BC, the angles A and C are * equal; therefore 
ner the angle B'is's right angle, the angles A and C 
are each half 4 right” angle. Again in che triangle 
AG, becauſe the angle F is a right «gle; and the 
angle A half à right angle, the angle G is alſo uy 
2 fight angle: therefore AF is equal ts FES. D 
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hypothenuſe AL is Wt. :2 to 6 heb two 55 50 of AP-- ͤ ö ; 
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and FL taken together. Inſtead of AL put its equ l! 
FM, and inſtead of Af put its equal FG; and the Wy, 8 op 

| ſquare of FM will be equal to the two ſquares of e ON 1 | i 

FG and FL taken wane. TE I not OR 


Conceive the ſquaxe ABCD to revolve about the line” e 
AB. In the revolution, the ſquare will deſcribe a „ 
linder, the quadrant a hemiſphere, and the inge 
ABC an inverted cone, the vertex of Which will be 
in A. Alſo, the line FM will form 4 circulat ectien i 7 9 
of a cylinder, the line FL will form # circular ſectio i 


| of a bemiſphere, and the line FG a circular ſection og 


as Wl nes of thai kl: Gn „ 
of the radius FM. is equal to the ſquares of the two 
radii FL and FG, the circular ſection of the cylinder 

| will be equal to the circular fen, of the ſphere 


+ 
by * - - 1 y , a . - .\ 
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In the ſame manner it may be demotifirated, that | 
all the other ſections, or circular ſurfaces of which 
the cylinder is compoſed, \ are equal to the correſpond- _ 8 | 
ing ſections, or ſurfaces, of the hemiſphere and cone. IA 
Therefore the cylinder i is equal to the hemiſphere and 
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cone taken together: but the cone. . *in equi wathird 
part of the cylinder; the hemiſphere therefore is equal 
to the remaining two thirds of the cylinder ; and con- 
ſequently the hemiſphere is double of the cone. 


* 


Tube cone BSC i 1 . to a N pct of > 
product of the radius and the baſe BC, which is a great 
circle of the ſphere: the hemiſphere AL is therefore 
equal to a third part of the product of the radius and 
two of its great circles; and conſequently, the whole 
ſphere is equal to a third part of the ons e ow 
radius and four of its great circles 23) : 


Laſtly, ſince the ſphere is equal 113 to a third 2 of 
the product of the radius and ſurface of the ſphere, 
and alſo to a third part of the product of the radius 


and four of its great circles, the ſurface of the 6 Jeans 
is guns to wor * its _ circles, 
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